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We explore geometric phases of coherent states and some of their properties. A better and elegant
expression of geometric phase for coherent state is derived. It is used to obtain the explicit form of
the geometric phase for entangled coherent states, several interesting results followed by considering
different cases for the parameters. The effects of entanglement and harmonic potential on the
geometric phase are discussed.
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I. INTRODUCTION
The phase factor of a wave function is one of the most
fundamental concepts in quantum physics. It is Berry
who first discovered that a geometric phase can be ac-
crued in the wave function of a quantum system in adi-
abatic, unitary, and cyclic evolution of time-dependent
quantum system [1]. Three years later, by abandoning
the context of adiabaticity, Berry’s result was extended
by Aharonov and Anandan [2]. Soonafter Samuel and
Bhandari [3] further generalized the Aharonov and Anan-
dan phase to non-cyclic and non-unitary cases by resort-
ing to Pancharatnam’s pioneer work [4]. Subsequently,
Ref. [5] established the quantum kinematic approach to
geometric phases, which is the most general theory on
geometric phases of pure quantum states. However the
above definitions of geometric phases are not applicable,
if the initial and final states are orthogonal. Manini and
Pistolesi [6] first proposed a method to solve the prob-
lem by introducing the Abelian off-diagonal geometric
phases during adiabatic evolution. One year later the
definition was generalized to nonadiabatic cases with the
use of Bargmann invariants [7]. Recently, Kult et al. [8]
made a step forward in this direction by extending the
concepts to non-Abelian systems. Despite all the results
achieved for pure states in the literatures, the definitions
of geometric phases have also been generalized to the
case of mixed states. Uhlmann [9] presented a defini-
tion in mathematical context of purification. Sjöqvist et
al. [10] developed the non-degenerate geometric phase in
non-cyclic and unitary evolution under the background of
quantum interference, which is independent of surround-
ings. Extensions of mixed-state geometric phases to the
degenerate case [11] and the kinematic approach [12] have
also been achieved.
The Berry phase and its generalizations have given
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rise to many applications ranging from condensed mat-
ter physics [13] to quantum information science [14–17].
For example, geometric phase plays an important role in
quantum information and computation protocols which
employ dynamical or geometric phases to achieve quan-
tum gates. Dynamical phase gates require a precise con-
trol of the pulse area. Geometric phases depend only
on the solid angle enclosed by the parameter path and
generally not on the details of the path. Thus geometric
phases can render robust protocols for quantum compu-
tation [15–17]. The promising applications spawn various
theoretical investigations on geometric phases of differ-
ent physical systems [18–23]. Ref. [18] reported entan-
glement dependence of the non-cyclic and non-adiabatic
geometric phase for entangled spin pairs in a static mag-
netic field, and the result was promoted to entangled
spin particles in a rotating magnetic field later [19]. Lit-
eratures [21–23] explored the geometric phases of co-
herent states of a one-dimensional harmonic oscillator.
Chaturvedi et al. found the Berry phase for coherent
states [21]; the geometric phase for the noncyclic evolu-
tion of coherent states was studied in Ref. [22]; and the
authors in [23] formulated the non-unitary and non-cyclic
geometric phases for nonlinear coherent states.
In this work we study the geometric phases of coherent
states, especially entangled coherent states. In the next
section, we briefly review some concepts of kinematic ap-
proach to geometric phases. These ideas are illustrated
by considering the geometric phase for coherent states of
a one-dimensional harmonic oscillator. We find an equiv-
alent but more elegant form of geometric phase than that
given in Ref. [22]. In Sec. III, the geometric phases
of entangled coherent states are calculated and some of
their properties are discussed. We study the influences
of entanglement and harmonic potential on the geometric
phases. We end with conclusion in the last section.
2II. BRIEF REVIEW OF QUANTUM
KINEMATIC APPROACH TO GEOMETRIC
PHASE
In this section, the rudiment about the kinematic ap-
proach to the non-cyclic geometric phase [5] is reviewed.
When a quantum system undergoes a unitary evolution,
its state vectors trace a smooth trajectory in Hilbert
space, which is C = {|ψ(t)〉 ∈ H|t ∈ [0, τ ] ⊂ R}. Accom-
panying the quantum evolution, there exists a geometric
quantity that is both gauge invariant and reparametriza-
tion invariant, under the condition that 〈ψ(0)|ψ(τ)〉 6= 0.
Such a geometric quantity is called geometric phase,
which is expressed as follows
γ = χ− δ, (1)
where χ is total phase
χ = arg(〈ψ(0)|ψ(τ)〉), (2)
and δ is dynamical phase
δ = −i
ˆ t=τ
t=0
〈ψ(t)| d
dt
|ψ(t)〉. (3)
In order to illustrate the above definition clearly, we
consider a one-dimensional harmonic oscillator whose
Hamiltonian reads
H =
p2
2m
+
1
2
kx2,
and the state vector at any later time τ is given by
|α, τ〉 = e−|α|2/2
∞∑
n=0
αn√
n!
e−iωτ(n+1/2)|n〉. (4)
where α is a complex number representing the coherent
state and n labels number state. According to Eq. (2),
the total phase is
χ = arg(〈α, 0|α, τ〉) = −(|α|2 sinωτ + 1
2
ωτ), (5)
where we have used the inner product 〈α, 0|α, τ〉 =
e−|α|
2(1−cosωτ)e−i(|α|
2 sinωτ+ 1
2
ωτ). By using Eq. (3), the
dynamical phase is equal to
δ(α) = −ωτ(1
2
+ |α|2). (6)
Substituting Eq. (5) and (6) into Eq. (1), one obtains
the corresponding geometric phase that takes the form
γ = |α|2(ωτ − sinωτ). (7)
Let us point out that the geometric phase (7) is an elegant
result than that of Ref. [22]. When ωτ = 2pi, the known
cyclic geometric phase
γ = |α|2ωτ (8)
is recovered [22].
III. GEOMETRIC PHASES FOR ENTANGLED
COHERENT STATES
A. Entangled coherent states of harmonic
oscillators
Pertaining to harmonic oscillators, a general unnor-
malized two-particle entangled coherent state [24] is of
the form
|Ψ(t)〉 = e−iϕ/2 cos θ
2
|α, t〉1|µ, t〉2+eiϕ/2 sin θ
2
|β, t〉1|ν, t〉2,
(9)
where α, β, µ and ν are complex parameters of the corre-
sponding coherent states (4), the subscripts denote par-
ticle 1 and 2 respectively, and θ as well as ϕ are real
numbers. θ is a quantity which determines the degree
of entanglement of the two-particle entangled coherent
state. When θ = 0 or θ = pi, the entangled coherent
state (9) reduces to product state; when θ = pi/2, the de-
gree of entangled coherent state becomes maximal. Note
that the coherent state vectors of subsystems are gener-
ally not orthogonal to each other:
〈α, t|β, t〉 = exp[−1
2
(|α|2 + |β|2) + α∗β], (10)
which is quite different from the case of entangled spin-
1/2 pairs [18]. The evolutionary state studied in [18] is
given by
|Ψ(t)〉 = e−iϕ/2 cos θ
2
|+ n, t〉1|+ m, t〉2
+eiϕ/2 sin
θ
2
| − n, t〉1| −m, t〉2, (11)
where |+n, t〉1 (or |+m, t〉2)and |−n, t〉1 (or |−m, t〉2)
are mutually orthogonal. Hence it is reasonable to ex-
pect that the total phase, dynamical phase and geometric
phase of entangled coherent states will exhibit some dif-
ferent features from that of entangled spin pairs as given
in Ref. [18]. For the sake of completeness, we write down
the normalized entangled coherent state in the following
|ψ(t)〉 = 1N (e
−iϕ/2 cos
θ
2
|α, t〉1|µ, t〉2
+eiϕ/2 sin
θ
2
|β, t〉1|ν, t〉2), (12)
where the normalization factor satisfies
N 2 = 1 + sin θ exp[−1
2
(|α|2 + |β|2)− 1
2
(|µ|2 + |ν|2)]×
Re[exp(iϕ+ α∗β + µ∗ν)], (13)
which is independent of time and for simplicity we choose
N as a positive real number.
B. Geometric phases for entangled coherent states
Consider a system that consists of two non-interacting
entangled coherent particles which are in harmonic po-
3tentials. The corresponding Hamiltonian reads
H =
p21
2m1
+
1
2
k1x
2
1 +
p22
2m2
+
1
2
k2x
2
2. (14)
Because there is not interaction between the two parti-
cles, its time evolution operator takes a product form. If
we choose initial state as
|ψ(0)〉 = 1N (e
−iϕ/2 cos
θ
2
|α, 0〉1|µ, 0〉2
+eiϕ/2 sin
θ
2
|β, 0〉1|ν, 0〉2), (15)
then at any later time t > 0, the state vector can be
written in the form as shown in Eq. (12).
In order to calculate the geometric phases of this sys-
tem, we need to determine its total phase and dynamical
phase respectively. By the use of the formula below
〈α, 0|β, τ〉 = exp[−1
2
(|α|2 + |β|2) + α∗βe−iωτ − i1
2
ωτ ],(16)
we get
N 2〈ψ(0)|ψ(τ)〉 = 1+cos θ2 f(α;µ) exp[iχ(α;µ)] + 1−cos θ2 f(β; ν) exp[iχ(β; ν)]
+ 12 sin θg(α, β;µ, ν) exp{i[h(α, β;µ, ν) + ϕ]} + 12 sin θg(β, α;µ, ν) exp{i[h(β, α;µ, ν)− ϕ]},
(17)
where
f(α;µ) = exp[−ρ2α(1− cosω1τ) − ρ2µ(1− cosω2τ)],
g(α, β;µ, ν) = exp[− 12 (ρ2α + ρ2β)− 12 (ρ2µ + ρ2ν) + ραρβ cos(φα − φβ + ω1τ) + ρµρν cos(φµ − φν + ω2τ)],
χ(α;µ) = −(ρ2α sinω1τ + 12ω1τ)− (ρ2µ sinω2τ + 12ω2τ),
h(α, β;µ, ν) = −[ραρβ sin(φα − φβ + ω1τ) + 12ω1τ ]− [ρµρν sin(φµ − φν + ω2τ) + 12ω2τ ],
(18)
with ρλ and φλ being the amplitude and phase of the state |λ〉 and λ = ρλeiφλ (λ = α, β, µ, ν). Hence, the total
phase is found to be
χ(α, β;µ, ν) = arg(〈ψ(0)|ψ(τ)〉) = arctan A
B
, (19)
where
A = Im(〈ψ(0)|ψ(τ)〉)
= (1 + cos θ)f(α;µ) sin[χ(α;µ)] + (1 − cos θ)f(β; ν) sin[χ(β; ν)]
+ sin θg(α, β;µ, ν) sin[h(α, β;µ, ν) + ϕ] + sin θg(β, α; ν, µ) sin[h(β, α; ν, µ)− ϕ],
(20)
and
B = Re(〈ψ(0)|ψ(τ)〉)
= (1 + cos θ)f(α;µ) cos[χ(α;µ)] + (1− cos θ)f(β; ν) cos[χ(β; ν)]
+ sin θg(α, β;µ, ν) cos[h(α, β;µ, ν) + ϕ] + sin θg(β, α; ν, µ) cos[h(β, α; ν, µ)− ϕ].
(21)
In the following, the dynamical phase is determined by using the formula
〈α, t| d
dt
|β, t〉 = −iω exp[−1
2
(|α|2 + |β|2)− α∗β](1
2
+ α∗β). (22)
The dynamical phase (3) is then found to be
δ(α, β;µ, ν) = − 1N 2 1+cos θ2 [ω1τ(12 + |α|2) + ω2τ(12 + |µ|2)]− 1N 2 1−cos θ2 [ω1τ(12 + |β|2)
+ω2τ(
1
2 + |ν|2)]− 1N 2Re{sin θeiϕ exp[− 12 (|α|2 + |β|2) + α∗β− 12 (|µ|2 + |ν|2) + µ∗ν][ω1τ(12 + α∗β) + ω2τ(12 + µ∗ν)]}
. (23)
According to Eq. (1), we can obtain the geometric
phase as
γ(α, β;µ, ν) = χ(α, β;µ, ν) − δ(α, β;µ, ν). (24)
However, the above expression is too tedious to use. So
we concentrate on a particular type of entangled coherent
states by setting β = −α and ν = −µ, and thus the
4geometric phase reads
γ(α,−α;µ,−µ) = arctan
{
f(α;µ) sin[χ(α;µ)] + sin θ cosϕ g(α,−α;µ,−µ) sin[h(α,−α;µ,−µ)]
f(α;µ) cos[χ(α;µ)] + sin θ cosϕ g(α,−α;µ,−µ) cos[h(α,−α;µ,−µ)]
}
+
1
1 + sin θ cosϕ
{
ω1τ(
1
2
+ ρ2α) + ω2τ(
1
2
+ ρ2µ) + sin θ cosϕ exp[−2(ρ2α + ρ2µ)][ω1τ(
1
2
− ρ2α) + ω2τ(
1
2
− ρ2µ)]
}
.(25)
C. Discussions
The following discussions are confined to Eq. (25).
Namely we explore the properties of the geometric phase
for the specific type of entangled coherent state with β =
−α and ν = −µ.
Case 1. First we examine the effect of entanglement
on the geometric phase. Consider θ = 0 or θ = pi, and
this leads to vanishing entanglement, or product coherent
states. Therefore, the geometric phase is
γ(α;µ) = γ(−α;−µ) (26)
= |α|2(ω1τ − sinω1τ) + |µ|2(ω2τ − sinω2τ),
It is clear that the geometric phase is the exact addition of
geometric phases (7) acquired by either subsystem. Our
result shows that the geometric phase of any product
coherent state is equal to the sum of geometric phases
acquired by either subsystem. It is not difficult to find
that only when |α|2 →∞ and |µ|2 →∞, the total phase
vanishes. So under the case of finite valued parameters, it
is not necessary to study the corresponding off-diagonal
phase [6, 7]. Under the condition that θ = pi/2, the
entanglement of this state becomes maximal. Unlike the
case of entangled spin pairs [18], the dynamical phase still
exists and 〈ψ(0)|ψ(τ)〉 is not a real number, and hence
the geometric phase (25) also emerges.
Case 2. Let us look at cyclic two-particle geometric
phase from Eq. (25). When τ satisfies the following
conditions {
ω1τ = 2pil1
ω2τ = 2pil2
,
where l1 and l2 are integers, the corresponding wave func-
tion takes the form
|ψ(τ)〉 = e−i(pil1+pil2)|ψ(0)〉, (27)
which is a cyclic evolution [2]. The we obtain cyclic geo-
metric phase for entangled coherent states,
γc = −(pil1 + pil2) + 2pi l1(
1
2
+ρ2α)+l2(
1
2
+ρ2µ)+sin θ cosϕ exp[−2(ρ
2
α+ρ
2
µ)][l1(
1
2
−ρ2α)+l2(
1
2
−ρ2µ)]
1+sin θ cosϕ ,
= γc1 + γ
c
2
(28)
where γc1 is given in Eq. (30) and γ
c
2 takes a similar form.
Similar to the result of entangled spin pairs in Ref. [19],
when the system of entangled coherent states undergoes
cyclic evolutions (27), the total geometric phase is equal
to the sum of all subsystem, no matter whether entan-
glement exists or not.
Case 3. We then consider how harmonic potential af-
fects the geometric phases. Assume that only particle 1
is in the harmonic potential, and the geometric phase of
particle 1 is found to be
γ1 =
arctan{ exp[−ρ
2
α(1−cosω1τ)] sin[−(ρ
2
α sinω1τ+
1
2
ω1τ)]+sin θ cosϕ exp[−ρ
2
α(1+cosω1τ)−2ρ
2
µ] sin(ρ
2
α sinω1τ−
1
2
ω1τ)
exp[−ρ2α(1−cosω1τ)] cos[−(ρ
2
α sinω1τ+
1
2
ω1τ)]+sin θ cosϕ exp[−ρ2α(1+cosω1τ)−2ρ
2
µ] cos(ρ
2
α sinω1τ−
1
2
ω1τ)
} − δ1 (29)
via setting ω2 = 0, where the one-particle dynamical phase δ1 is
δ1 = −
ω1τ(
1
2 + ρ
2
α) + sin θ cosϕ exp[−2(ρ2α + ρ2µ)][ω1τ(12 − ρ2α)]
1 + sin θ cosϕ
.
5Though particle 2 does not experience harmonic poten-
tial, it also has an influence on the geometric phase of
particle 1 through the entanglement between the two par-
ticles. By setting θ = 0 or pi, the geometric phase (29)
reduces to Eq. (7). This is due to the fact that the two
particles are not entangled in this case. When the system
undertakes a cyclic evolution, i.e., ω1τ = 2pil1, we obtain
the cyclic one-particle geometric phase which is
γc1 = −pil1 +
2pi
1 + sin θ cosϕ
{l1(1
2
+ ρ2α) + l1(
1
2
− ρ2α) sin θ cosϕ exp[−2(ρ2α + ρ2µ)]}. (30)
We also find two-particle dynamical phase as
δ = −ω1τ(
1
2
+ρ2α)+ω2τ(
1
2
+ρ2µ)+sin θ cosϕ exp[−2(ρ
2
α+ρ
2
µ)][ω1τ(
1
2
−ρ2α)+ω2τ(
1
2
−ρ2µ)]
1+sin θ cosϕ
= δ1 + δ2
. (31)
It is reasonable to draw a conclusion that the total dy-
namical phase is identical with sum of counterparts of
subsystems which is partially affected by the potential.
It is worth to point out that the result is in accordance
with that for spin particles as given in Ref. [19].
IV. CONCLUSION
We have derived an elegant expression of geometric
phase for coherent states. The non-cyclic geometric
phases for entangled coherent states and some of their
properties are investigated. We explore the influences
of entanglement and potential on the geometric phases.
Our results show that when entanglement vanishes, the
geometric phase of product state is equal to the sum of
counterparts of individual particles. In the case of maxi-
mally entangled coherent states, the dynamical phase and
geometric phase do not disappear, and the result is dif-
ferent from that for entangled spin pairs. We also explore
the property of cyclic two-particle geometric phases. It is
found that the cyclic geometric phase is identical with ad-
dition of counterparts of subsystems no matter whether
entanglement vanishes or not. Our findings are consis-
tent with the results for entangled spin pairs. If only one
particle is affected by harmonic potential, both un-cyclic
and cyclic one-particle geometric phases are affected by
the other particle due to the existence of entanglement
between the two particles. It is worth to mention that
two-particle dynamical phase is not equal to the addi-
tion of counterparts of particles 1 and 2, while it can be
expressed in terms of δ1+δ2, where δ1/δ2 is cyclic dynam-
ical phase of particle 1/2 experiencing harmonic potential
while no potential acting on particle 2/1 respectively.
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